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Abstract-An elastoplastic analysis of axisymmetric conical indentation has been made using the
finite element method. Studies of the shapes of plastic zones and the effects of shear modulus. bulk
modulus and indenter angle on the hardness of hard and soft materials have been made. The results
show that the shapes of the plastic zones depend strongly on both indenter angle and the ratio of
Young's modulus to yield strength (£/11,). It is also found that the bulk and shear moduli have
large effects on the hardness of hard and soft materials. respectively.

INTRODUCTION

While a great deal of effort has been made to gather information on indentation processes
through experiments. there is still a considerable lack of understanding of the detailed
deformation processes occurring in an indentation test. This is especially true in cases of
very small scale indentations. Understanding the mechanical properties in fundamental
terms is p;:lrticularly important in the application of sub-micron indentation techniques to
thin films. Theoretical analyses of general indentation problems have received attention
from various investigators since Prandtl (1920) developed a slip line field solution for a flat
punch on a semi-infinite medium. From that time, the idea of hardness as a material
property for the resistance to local deformation has been widely accepted. A detailed
theoretical analysis of a flat punch indentation under plane strain conditions was given by
Hill et al. (195 I), and Shield (1955) obtained a similar solution for axisymmetric indentation
by a flat circular punch. These theoretical solutions apply to rigid plastic materials and are
based exclusively on the slip line method. Later, Lockett (1963) performed a numerical
study of cone indentation based on the slip line theory. The same approach has also been
used by Ishlinsky (1944) to obtain a solution for spherical indentation. Besides studying
flat punch indentation, Hill et al. (1947) also considered wedge indentation under plane
stmin conditions. In constructing the slip line fields used in the above theories, the devel­
opment of the plastic zone under the indenter is generally approximated from experimental
observations.

Another line of approach to understanding indentation is semi-empirical in nature.
Tabor (1970) gave an excellent review of the hardness of solids in which he developed a
correlation between the mean contact pressure associated with indentation and the yield
stress. To describe this correlation, he adopted the model of Marsh (1964) who, following
Bishop et al. (1945). analyzed the plastically deformed zone as the expansion of a spherical
cavity in an elastic-plastic solid with an internal hydrostatic pressure. Later, Johnson (1970)
extended this approach to include the effect of the indenter geometry. His formulation
provides the most comprehensive description ofthe correlation between experimental results
on hardness and this approach. Rubenstein (1981) gave a review of these various semi­
empirical approaches to indentation hardness.

In spite of these analyses, detailed solutions of indentation problems for realistic stress­
strain relations and indenter shapes are still lacking because of the very complex stress and
strain fields produced by these indentations. In fact, the simplified picture of the slip line
fields often falls short of describing the actual plastic zones involved. even for the assumed
rigid-plastic material property. Also, the spherical cavity expansion model has its limitations
in that it cannot be applied to materials with high E/a, ratios and for indenters with small
included angles. Plasticity solutions must be known in these cases to understand the physical
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meaning of indentation hardness. Since the plastic deformation involved in an indentation
depends on the path through which the current state is reached, it becomes necessary to
consider the changes in deformation history continuously. Lee et al. (1970, 1972) used the
finite element technique to analyze some aspects of fiat punch and spherical indentations.
Recently, Bourcier et al. (1985) also made simulations of some indentation problems using
this method. Except for their study, analyses of very small scale indentations have not been
made. The problem considered in the present study corresponds to an elastic and plastic
analysis of cone indentation related to a typical micro-hardness test. Information about
cone indentation experiments can be found in the literature (Atkins and Tabor, 1965;
Dugdale, 1954), but the impressions made in these experiments are all comparatively large
and hence some of the experimental information, especially the development of plastic
zones, which is a key factor in the slip line analysis, needs to be re-examined for the case
of small indentations. From the perspective of both the slip line theory and the spherical
cavity model, the understanding of how the plastic zones develop is critical. It would be
extremely difficult to study experimentally the development of plastic zones in sub-micron
indentations. We have thus resorted to the finite element technique for such an analysis. It
has been demonstrated that this method successfully describes micro-indentation processes
in bulk materials (Bhattacharya and Nix, 1988a) and also for thin films on substrates
(Bhattacharya and Nix, 1988b). In the following, we have analyzed the mechanics involved
in cone indentations on a half space. We have studied the development of plastic zones and
critically examined the applicability of the spherical cavity model and the slip line theory
to such small scale indentations.

FINITE ELEMENT MODEL

Simulations of the force·-distance relations for the sub-micron indentation of a half
space using a rigid indenter were performed using the large strain c1astoplastic feature of
thc AIJAQUS finite clement code (1985), with uniaxial stress-strain d'lta as input. Matcrials
with various yield stresses and Young's moduli were studied. The quasi-static nature of the
process permits us to use the static analysis pcrformcd by the program. Undcrlying the
approach in this code is the discrctization of thc continuum involvcd. Thc indcntcr was
considered to be perfcctly rigid and various indentcr anglcs wcrc considcrcd. Also, an
important feature of this program involves the capability to modcl contact bctwecn the
indenter and the sample as a sliding interface. The initial nodal gaps between the indenter
and the surface of the specimen were prescribed and the program automatically keeps track
of their change and indicates any gap elosure or opening in a particular specified direction.
These interface elements thus simulate contact between the indcnter and the specimen
surface. Whenever the closure distance between the indenter and the specimen becomes
zero, contact is assumed and an external reaction force is exerted on this material point to
keep it moving along with the indenter. Because the program calls for incremental loading
and also makes use of interface elements, the expanding contact area associated with
indentation occurs naturally whenever new interface elements come into contact.

In this analysis, indenters having conical shapes have been considered and the specimen
is treated as body of revolution. Under test condition:;, the indenter tip will amost invariably
have a finite radius, thus giving rise to a somewhat different response. The indcnter and
halfof the specimen are shown schematically in Fig. I, along with the appropriate boundary
conditions for the problem. Symmetry propcrties have been used to simplify the boundary
conditions. During preliminary simulations the boundary condition on the surface on the
right side of the specimen was changed from fixed radial displacements to traction free;
this change had no effect on the indentation parameters, thus showing that this boundary
was indeed remote. Since very small indentations were being simulated, the meshes near
the indenter needed to be very fine to be able to dcscribe the dcformation and stress gradients
associated with indentation with sufficient accuracy. Thus, extremely fine mesh sizes were
used under the indenter; they became progressively coarser at distances further away from
the indenter. Axisymmetric four-noded elements were used for the continuum. Although
higher order elements could have !"leen considered to assure better accuracy, use of these
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Fig. I. Schematic diagram of the specimen under the indenter showing the boundary conditions of
the problem.
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four-noded elements is justified since it dramatically reduces the computation time while
maintuining enough accuracy, as demonstrated by the close match with experimental results
(Bhattucharya and Nix, 1988a). For un intricate problem such as indentation, having a
single finite element solution is not sufficient to prove convergence. In general, we must
repeat the solution process using a finer grid and compare the two solutions. As reported
elsewhere (Bhattach.trya and Nix, 1988a), we must continue to refine the grid until the
divergence betwt.:en two consecutive solutions is negligible. The grid refinement for the
indentations reported in the present paper was such that the common nodal loads were
essentially independent of further grid refinement.

In order to obtain an accurate estimate of the radius of the contact urea, an extremely
finc mesh thickness of the order of 0.02 Jlm hud to be used along most of the indenter
contact surface. To keep the required computer time within limits, a total of 461 elements
including the interface elements were used to represent the deformed material. Figure 2
represents a magnified view of the clements near the indenter and the staircase arrangement
for the other elements at points further away from the indenter. In this distribution of
elements, when two elements are connected to a single element the middle node on the
common face is constrained to lie on a straight line defined by the two corresponding end
nodes.

To simulate a typical indentation process, a downward displacement (negative z­
direction in Fig. I) was imposed on the indenter; this causes the indenter to push into the
surface of the material. Subsequently, the indenter was given an upward displacement until
it was free of contact with the specimen. For a given indenter displacement, the cor­
responding load was found by summing the reaction forces at the contact node points on
the indenter. The interface between the specimen and the indenter was assumed to be
frictionless since no noticeable change in the load-displacement response was observed by
using a friction coefficient of I for the cases with large angle indenters. This would not
necessarily be true for the cases of very small angle indenters, because of the cutting action
involved in such indentations. For the purpose ofcalculating an average hardness, the mesh
thickness of 0.02 Jlm along the indenter contact surface was found to provide sufficient
contact area for indenters having large angles, but it was necessary to make larger inden­
tations for indenters with smaller included angles using the same mesh sizes.

With respect to convergence following each displacement increment, we have both
doubled and halved the size of the displacement increment in the range of commonly used
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Fig. 2. Detailed pattern of the mesh distribution near the indenter showing the interface elements.

displacement increments ~ we find the resulting nodal forces to be unaffect,,'(i by the size of
the displacement increments. These checks were made for both soft and hard materials. e.g.
aluminum and silicon. respectively. Also, the load convergence was checked by using an
automatic displacement increment mode and comparing the nodal load values at the
matching displaced points. tn all cases, essentially exact load values were obtained.

The constitutive model for the specimen material was that of an elastic-plastic von
Mises material. Two separate cases ofstrain hardening were considered. one with no strain
hardening (I.e. the material was assumed to be clastic-fully plastic) and the other with a
linear strain hardening rute of approximately 1l/200 for the material under consideration.
Elastic and plastic properties of the material used in the various calculations are given as
an inset in Fig. 3 and the relevant parameters are defined in Figs 3 and 4. The finite element
calculations were performed using an IBM 4341 mainframe computer with runtimes of 1­
2 days and also using a Vax II Workstation with runtimes of 5-6 days for .average inden·
tation depths.
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fig. 3. Schematic diagram showing the stress-strain relations for the materials used in the FEM
calculations.
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Fig. 4. Schematic representation of the yield zones for the slip line theory (a) and the spherical
cavity model (b).

RESULTS AND DISCUSSION

Relationship hetween hardness, Young's modulus and yield strength
As indicated before, the solution utilizing the slip line field for a rigid plastic material

considers only plasticity aspects of deformation without any clastic deformation or strain
hardening cffects. This particular approach is thus expected to be applicable for matcrials
with high E/(1y ratios and small indenter angles. The most comprehensive description of
elastic-plastic effects for shallow indentations is due to Johnson (1970), who derived a
rclationship between hardness, yield strength and Young's modulus for the indented
material, based on the spherical cavity expansion model in an infinite elastic-plastic solid.
In Fig. 5 we show the hardnesses calculated using the FEM analysis for materials having
different values of E, (1yand v. Also shown are the experimental results from Johnson (1970)
and the predictions of the Johnson model for an incompressible material, v = 0.5. The FEM
analysis predicts an upper bound to the experimental results and also describes the plateau
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Fig. S. Comparison of various experimental hardness measurements (Johnson, 1970) with the
predictions of Johnson's elastic-plastic model and the present FEM analysis.
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behavior at large values of E/(1y, whereas the spherical cavity model seems to predict a
lower bound to the experimental observations and does not appear to be applicable to
materials having large values of (E/(1y tan fJ). Moreover, by considering elastic compression
under the indenter, the hardness predicted by the FEM analysis would be expected to be
smaller and in better agreement with experimental results.

The applicability of Johnson's model is based on the assumption that the mode of
deformation during indentation is one of radial compression caused by the hydrostatic
stress beneath the indenter. According to this model, the hardness of an indented material
is given as

H 2( c)- = - I+3In-
(1y 3 a

(I)

where c and a are the radius of plastic zone and radius of the indented area. respectively.
The relationship between c and a is described below with reference to Fig. 4. This model
assumes that the deformed zone is hemispherical in shape. This has been observed exper­
imentally by Samuels and Mulhearn (1957) for indentation ofwork hardened material with
spherical and pyramidal indenters having large angles. In their observations. the hemisphere
appeared to be centered slightly under the point of indentation as compared to the idealized
center on the surface of the specimen as assumed in the spherical cavity model. In the slip
line theory, the theoretical treatment is concerned with the boundary between the material
which is plastically deformed and the material which has remained rigid. In the spherical
cavity model, the boundary is between the plastic and elastic part of the material. The yield
zones described by these models are shown schematically in Fig. 4. The extent of the plastic
zone in the cavity model of Johnson (1970) is described as

c [ I {E }JliJ- = - tan P+4(1-2v)
a 6(I-v) (1y

(2)

where IJ is the inclination of the indenter. However, as we will sec below. the shape of the
deformed zone depends on the ratio E/(1y and the indenter angle.

Figure 6 shows the development of the plastic zones for silicon and aluminum using a
smooth indenter with an included angle of 136°. In this case of wide angle indenters, the
deformed zones differ considerably from those assumed by the slip line theory. The deformed
zones for aluminum (E/(1y = 157.3) seem to resemble the hemispherical form assumed in
the spherical cavity model but those for silicon (£/(1. = 27.8) appear to have shapes that
are between the hemispherical and cylindrical shapes. 'Also, for the case of silicon, the width
of the deformed zone extends only up to the edge of the contact surface, in contrast to the
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Fig. 6. Development of plastic zones associated with the indentation of silicon and aluminum,
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larger radius predicted by the spherical cavity model. In Fig. 7 we have plotted the plastic
depths as a function of the contact radius (defined in Fig. 4b) and compared the results
with the predictions of the Johnson model [eqn (2)] using appropriate values of Poisson's
ratio. Surprisingly, in spite of the different plastic zone shapes for silicon, the plastic depth
closely matches that predicted by the spherical cavity model. The plastic zones for aluminum
also match reasonably well with the predictions from the model, although for both materials
the plastic depths are larger than those calculated from the spherical cavity model and this
corresponds to the increased values of hardness calculated by the FEM analysis in Fig. S.

Figures 8 and 9 show the stress distributions along the indenter surface for aluminum
and silicon respectively. In both of these plots. the normal stresses are compressive. For the
ease ofsilicon, the compressive stress steadily decreases toward the elastic-plastic boundary
(Fig. 9) whereas this stress remains fairly constant in the case of aluminum (Fig. 8). It is
to be noted here that both the slip line theory and the spherical cavity model require the
pressure distribution under the indenter to be uniform. For purely elastic deformation in
cone indentations, the normal stress distribution (Sneddon. 1951) is given by

Etan P _I (a)
p =2(I-v2) cosh ; (3)

where 2a is the indentation diameter and r is the radius from the centerline of the indenter.
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fig. 8. Distribution of the compressive stresses in aluminum on the surface of the indenter and
comparison with the case of elastic deformation only.
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Fig. 9. Distribution of compressive stresses in silicon on the surface of the indenter and comparison
with the case of elastic deformation only.

This stress distribution for purely elastic deformation is also shown in Figs 8 and 9. One finds
that towards the outside region of the indenter. the calculated normal stress distribution for
silicon is similar to this type ofelustic distribution in thut region. indicating the elastic-plastic
nature of deformution in this case. For the case of aluminum. however. the distribution of
normal stress from FEM culculations is totally different both in magnitude and in trend
from those of the purely elastic case across the whole width of the indenter. thus indicating
the dominance of pl.tsticity under the indenter. This plusticity effect indeed causes the yield
zone to spreud well beyond the end of the contact point as seen in Fig. 6. Figures 10 and
II represent the stress distribution ulong the uxis of indent.ltion. Aguin. all of the stress
components are compressive .1I\d a lurge hydrostatic pressure is evident in the case of silicon
indentation (Fig. II).

As u check on the methods used to calculute the pressures under the indenter we have
calculuted the distribution of pressure under a cone indenter on"an elastic half space and
compared the results with eqn (3). The agreement found was very close and the asymptotic
behuvior wus observed in the FEM solution. Only at the two or three elements nearest the
indenter tip did the FEM solution begin to fall short of the predictions of eqn (3). These
errors are insignificant. however, when one considers that the number ofcontacting elements
is at least 10 times greater than the number of elements where the error is detected. even
for the smallest indentations studied; larger indentations involve even more elements.
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Fig. 10. Stress distribution in aluminum along the axis of indentation.



Finite element analysis ofcone indentation lOSS

IlIOllO ~--------------,

IllOOo

-,-DopdIof_. U%.4

1:lllOO

Vertical Distance Alolli AAis of Indentation (nm)

Fig. II. Stress distribution in silicon along the axis of indentation.

Effect ofhulk and shear moduli
Because indentation hardness involves plasticity, the hardness depends in part on the

yield strength of the material. But the material under the indenter is also subjected to a
large pressure, which results in elastic compression of the material being indented. The
response of a material to hydrostatic pressure is given by its coefficient of elastic com­
pressibility expressed as the bulk modulus of the material. On the other hand, the shear
modulus represents a measure of the shear rigidity of a material. Thus, both clastic com­
pression and shear rigidity should influence the hardness of the material. In Fig. 12 we have
plotted HlfTyvalues against log [(4(1 - 2v) + E tan fllfTv }/6/(1- v»). This should be a straight
line according to Johnson's spherical cavity model. In this plot we have also shown FEM
calculations for the indentation of silicon and aluminum with three different combinations
of Young's modulus and Poisson's ratio. Data points 1,3 and 5 represent silicon and 2,4
and 6 represent aluminum. Points I and 2 are for the usual values of E and v for the
respective materials. Points 3 and 4 represent a 2.5 and 3 fold increase in the bulk modulus
values for silicon and aluminum. respectively, while maintaining the respective shear modu­
lus values constant. Similarly, points 5 and 6 represent a 2.5 and 3 fold increase in the shear
modulus values for silicon and aluminum, respectively, while the respective bulk modulus
values are kept constant. We have also plotted the hardnesses with these E and v values
according to Johnson's cavity model which, as expected, fall on a straight line. It is observed
that Johnson's model only implicitly considers the effect of bulk and shear moduli through
E and v and thus fails to indicate the separate effects of the shear and bulk moduli on the
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Fig. 12. Effect of shear and bulk moduli on the hardness of silicon and aluminum.
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Fig. 13. Effect of indenter angle on the hardness for materials with different stress-strain relations.

hardness of different types of material as shown by the FEM results. As discussed before.
in this plot it is indeed seen that the effect of changing the bulk modulus is more important
than changing the shear modulus for a hard material like silicon, whereas for aluminum,
which is a soft material, a larger effect is observed for the change in the shear modulus. The
presence of a large hydrostatic pressure for indentation of silicon is also observed in Fig.
I t, which is consistent with this prediction of the effect of the bulk modulus.

Effect ofindenter angle and work hardening on hardness
Atkins and Tabor (1965) made hardness measurements on copper with various states

ofwork hardening using conical indenters having widely different angles. Their experiments
show that for fully annealed material, the hardness continuously drops from a large value
at small cone angles to smaller values at larger cone angles, whereas for fully work hardened
material, the hardness reaches a minimum value, after which it increases at larger cone
angles. For other states of work hardening, the hardness values lie between these two
extremes. We have analyzed the effect of indenter angle on four different types of material
whose stress-strain characteristics are schematically shown in Fig. 3. In Fig. 13 the cal­
culated values of lI/ay arc ploued against cone angles between 100') and 160') for materials
with different yield stresses, elastic moduli and stmin hardening properties. The values of
E/ay range from 28.8 for silicon to 733.3 for silver. It is observed that for the material with
a low E/ay value, i.e. for the hardest material (curve a), the II/a. value continuously
decreases with increasing indenter angle. The same trend is also seen for the fully annealed
material (curve b). This observation about the fully annealed material is consistent with
the experimental observations of Atkins and Tabor as described earlier. However, for a
material without strain hardening and with a high E/ay ratio (curve d), lI/ay reaches a
minimum after which it again increases and finally falls to smaller values at very large
indenter angles. Bishop et al. (1945) found that the hardness values decrease up to a certain
value and then remain constant for any further increase in indenter angle. Atkins and
Tabor, however, found that for matcrial in thc fully work hardcned state and having a high
value of E/a,. the initial decrease is followed by a continuous increase in hardness at larger
indenter angles.

As indicated by eqn (3), the stress for purely elastic indentations decreases as the cone
becomes shallower (larger 0); thus it seems that the decrease in lI/ay for all materials can
be partly attributed to the elastic effect. This is particularly true for silicon (curve a) which,
being very hard, will be subjected to larger elastic effects. For a material without strain
hardening and with a high value of E/ay (curve d), the elastic effect is relatively small and
it is necessary to examine how this fully plastic material will deform under the very complex
stresses under the indenter. The material which does not strain harden presumably gives
rise to a "pile-up" near the indenter, whereas the same material in the annealed condition
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Fig. 14. Comparison ofcalculated hardness with johnson's model for various indentation angles.

sinks in due to the strain hardening that occurs during indentation. At smaller cone angles,
the mode of deformation is as if the indenter cuts into the material and in this region it
seems that the elastic elfect, along with the "sink-in" effect, contributes to the decrease in
h.udness (curve b). For the material without strain hardening. on the other hand, the rate
ofdecrease of the hardness is smaller (curve c). Eventually, for larger cone angles, the mode
of deformation changes to one of radi'll compression. Here, we observe that the hardness
increases slightly for the materials that show no str-din hardening (curves c and d), whereas
for annealed material that exhibits strain hardening during indentation, the decrease in
hardness still continues. The probable CltUSe of the continual d~'Crease in hardness for the
latter c.tse is due to the elfect of the radial compressive mode of deformation which, as
suggested by Johnson (1970), maintains compatibility between the volume of material
displaced by the indenter and the rudial expansion under the indenter. But for the materials
without strain hardening, this eff~'Ct is likely to be offset by the accompanying "pile-up"
efTt.'Ct, thus causing an increase in the hardness. At very large cone angles, one observes
another drop in hardness, for which a probable explanation first suggested by Atkins and
Tabor (1965) may be given as follows. For a cone having such a large angle, the plastic
strains produced under the indentcr may be of the same order of magnitude as the elastic
strains in the more remote regions and due to this effect, the matcrial under the indenter
does not experience the complete constraint in plastic flow, thus reducing the hardness.

We have replotted some of these hardness values in Fig. 14 along with the experimental
results compiled by Johnson (1970), which are valid only for shallow indenters (i.e. small
fJ). Clearly, the results for small cone angles "0" (Le. large fJ) for materials with high values
of £/uy are higher than the plateau portion of the Johnson data, thus again indicating a
mode of deformation completely different from either radial compression or rigid plastic.
All other values lie as an upper bound to the experimental values. These calculated values
are expected to be closer to the experimental values if one considers the elastic effect of the
indenter.

As a further look at the mode of deformation with a commonly used indenter angle,
Fig. 15 shows the plastic zones developed by an indenter having an included angle of 1360

and for materials with three different £/uy values; £/uy = 28.8 for silicon, 157.1 for an
aluminum alloy and 733.3 for silver. From this comparison, it is seen that the shapes of the
plastic zones are different for different values of £/uy • For the very high value of £/uy , the
classical theoretical approach is to consider the plastic zone as a rigid plastic (Fig. 4a) slip
line field, whereas this is precisely the region where the deformation mode is completely
different from the assumed field and rather resembles radial compression. For the inter­
mediate value of £/uy' the deformation seems to approximate a combination of radial and
cylindrical compression and for the smallest value, it deviates from radial compression.
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Fig. IS. Comparison of the yield zones at a particular indenter angle of 136" for various £/11, ratios
for a depth of indentation of 203 nm.

CONCLUSIONS

It is concluded from these FEM simulations that the shapes of the plastic zones for an
elastic·-plastic solid under a conical indenter strongly depend on the ratio E/(1y and the
indenter angle. These shapes sometimes differ from the predicted hemispherical shapes of
the Johnson model and always differ from those assumed in the slip line theory. Specific
em...cts of separately changing the bulk and shear moduli have been studied by applying
FEM analysis to conical indentations. It has been found that the bulk modulus has a
stronger effect on the hardness of a hard material than the shear modulus, whereas a soft
material is more affected by the change in shear modulus than the change in bulk modulus.
Predicted hardness variations with indenter angle follow trends observed experimentally
for both hard and soft materials under both annealed and work hardened conditions.
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